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Basics of epistemic logic(EL) and public announcement logic(PAL)

Definition (Language of EL and PAL)

Let Prop be a denumerable set of variables and Ag a finite set of agents. Language Lg| for
epistemic logic is defined inductively as follows:

Lo=pl-p|lenp|le—= o] K

Language Lpar for public announcement logic is EL plus the public announcement formulas
[ele.

Epistemic model
M = {W, {Na}aEAga V}
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Axiomatization of EL and PAL

EL is axiomatized by (Tau), (K), (4), (T), (5), (MP) and (GK,). PAL is axiomatized by the
axiomatization for EL plus reduction axioms (R1-6):

(Tau) Classical propositional tautologies.

(R1) [¢lp ¢ (¢ —p)
U jele o oo (e ) Ry ol e (0= ~fel)
(T) Kap — o (R3)  [el(v A x) <> ([l A e]x)
(5) —Kop — KyaKaip (R4)  [el(v = x) < ([elv = [¢]x)
(MP) Froin % anc? ® i> Y infer ). (R5)  [e]Kav> & (¢ = Kalp]¥)

(GK,) From ¢ infer Kyep. (R6)  [wl[¥]x < [¢ A [wl]x
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Labelled Sequent Calculus

A labelled sequent calculus is based on the internalization of Kripke semantics.
Definition

A relational atom is of the form x ~, y. A labelled formula is of the form x : . J

@ Interpretation 74 of labelled formulas on an epistemic model M
> Tm(x i) =M xEp
> TM(XNa)/):XNay

o A labelled sequent o1,...,0m = 01,...,0, is valid if the following is true:

VYMVx . Yxk[Tam(o) Ao o ATa(om) = Tam(01) VooV Tag(05)]
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Labelled Sequent Calculus Gg; for EL

@ Initial sequents:
x:p, =Ax:p xXr~ay, T =Ax~yy
@ Propositional rules:

N=Ax:¢
x:—p, = A

x:o, = A

-/ —
(/) M= Ax:—p

(=r)

MN=Ax:p1 T=AXx:¢2
M= A x:01 A2

x:o, = A x:¢
(=1) N=Ax:p =Y

x:p1, X2, [ = A (AF)

x:p1 Ao, = A

(_)I)I'=>A,x:<p x:, I = A
x:p =P, = A

(A1)
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Labelled Sequent Calculus Gg; for EL

@ Modal rules:

y3<P7X3Ka<PaXNayar:>A
x:Kyp,x ~yy, [ = A

TXNa,VarjAa)“SO

K.
(Ko=) M= A x:Kyp

(=Ka,)

Ty does not occur in the conclusion of (= Kj,)

@ Relational rules:

X~y x, = A

Ref
(Refo) —F A
XrgZ,Xevgy,y~yz = A
T
(ransa) XNayvyNazvrjA
(Sym)yNaX7xNay7r:>A
a

xn~ay, = A
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Labelled Sequent Calculus Gpa; for PAL

@ Basic idea: construct sequent rules for reduction axioms
@ Gpay is Gg; plus 6 pairs of rules, each pair corresponding a reduction axiom:
(RD[¢lp < (¢ — p)
xip—=>p=A T=Axp—>p
x:elp, T = A M= A x:[plp

N=Ax¢ x:pl=A
x:lglp, T = A

x:p, = A x:p

(kL)) M= A, x:[plp

(R1r)
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Labelled Sequent Calculus Gpa; for PAL

@ Ggy plus the following reduction rules

N=Ax:¢ x:pI=A
x:[elp, T = A

N=Ax:¢ x:=[pl,l = A
x:[e]=, T = A

x @l x : [elgpe, T = A

x: [l(Y1 N ip2), T = A
M= A x:[plvr x:[ple, T = A

(R11)

(R21)

(R3)

(Ral)

X [p)(P1 = 1), T = A
N=Ax:¢ Koo, = A
x: [o]lKap, T = A
x: e AlplYlx, [ = A
x: b T = A
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(R5!)

(R61)

x:po, T =Ax:p
M= A x:[¢]p
x:p, = A x: =[]y
M= A x: [¢]v
F=Ax:[plvr T = A x: [
M= A, x: [@](1 Arh2)
x el T = A, x: [l
M= A, [o](¢1 = )
x:p, = A x: Ko
M= A, x: [p]Ksy
M= A x:[pAgldlx

(R1r)

(R2r)

(R3r)

(R4r)

(R5r)

(R6r)

M= A, x: [elY]x
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Labelled Sequent Calculus Gpa; for PAL

@ Ggy plus the following reduction rules

N=Ax:¢ x:p, I =A
x:[elp, T = A

N=Ax:¢ x:=[pl,l = A
x:[e]=, T = A

x @l x : [elgpe, T = A

x: [l(Y1 N ip2), T = A
M= A x:[plvr x:[ple, T = A

(R11)

(R21)

(R3)

(Ral)

x:[ol(thr = 2), T = A
N=Ax:¢p x:Kipl,l = A

x: o] Kap, T = A
x e A [elY]x. T = A
x:pllYlx. T = A
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(R5!)

(R61)

x:po, T =Ax:p
M= A x:[¢]p
x:p, = A x: =[]y
M= A x: [¢]v
F=Ax:[plvr T = A x: [
M= A, x: [@](1 Arh2)
x el T = A, x: [p]yo
M= A, [o](¢1 = )
x o, = A x: Kyp|y
M= A, x: [p]Ks

M= A x:[pAlelvlx

(R1r)

(R2r)

(R3r)

(R4r)

(R5r)

(R6r)

M= A x: [ellY]x
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Labelled Sequent Calculus Gpa; for PAL

Definition (Complexity)

Let ¢ be an LpaL formula, the complexity c(¢) of ¢ is defined as follows:
c(p) =1 c(p = v)=1+max{c(p),c(s)}

c(—p) =1+c(p) clpAp)=1+max{c(p),c()}
c(Kap) =1+ c(p) clely) = (4+clp)) - c(v)
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Labelled Sequent Calculus Gpa; for PAL

Example (Proof of (R5:[¢]K,¢ <> ¢ — Ki[p]) )
left-to-right direction:

v lolv, x s Kilelh, x ~a y,x i =y [plY

X~ Y, X =y [plh,x X Kalol, x ~ay,x o=y ol
X~a ¥, X [plKath, x o=y [l

x : [p]Kath, x 1 o = x : Ka[p]t

x: [p]Katp = x 1o = Kalply

= x: [p]Ka = (p — Kalp]t)

(R5 =)

(= Ks)
(=-)

(=-)

(Ka=)
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Labelled Sequent Calculus Gpa; for PAL

Example (Proof of (R5:[¢]K,0 <+ ¢ — Ki[p]Y))
Right-to-left direction

x = x:K[p],x : @ x: Kalp|, x 1 o = x 1 K[l
x:p,x = Kol = x @ K[y
x:p—= Kol = x 1 [p] Kot
= x: (¢ = Kalol) = [p]Kat)

(==)

(= R5)
(=)
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Labelled Sequent Calculus Gpa; for PAL

In light of the reduction axioms, we define a translation t from Lpa; —formulas to
L g —formulas:

Definition

t(p) =p t([¢lp) = t(¢ — p)

t(—p) = t(p) t([p]=v) = t(e — —[p]Y)

tlpAp) =tlp) At(y) ([l A X)) = t[ely Alelx)

tp = ) = t(p) = t(¥) t([L)(¥ — X)) = ]y — [¢lx)

t(Kap) = Kat(yp) t([p]Ka) = tle — Kalply)
t([e][¥]x) = t([e A [¢]¥]x)

@ Translation t can be extended to relational atoms and labelled formulas:
> t(X’\’a}/):X"“ay
> t(x:p) = x:t(p)
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Labelled Sequent Calculus Gpa; for PAL

Theorem

For any LpaL-sequent [ = A,
Q@ fGg Z‘(r) = l’(A), then GpaL F T = A;
@ ifGpaL Fp T = A, then Gg t(F) = t(A)

A bridge to import properties from Gg; to Gpa;.

H.Wu, H.van Ditmarsch & J.Chen A Labelled Sequent Calculus for PAL August 1, 2022 14 /20



Labelled Sequent Calculus Gpa; for PAL

Lemma

For any Lpp-sequent x: @, = A, the following hold:
Q if GpaL - x: t((p), t(F) = t(A), then GpaL F x: ¢, t(F) = t(A),’
Q if Gpa F t(r) = t(A),X: t(go), then Gppl l'(r) = t(A),XZgO.
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Properties of Gpa;

@ Structural rules are admissible in Gpa;

M= A M= A

(Wl)x:<p,|':>A (Wr)réAJ:(p

(C/)x:<p,x:<p7l_:>A (Cr)l':>A,x O, X1
x:p, [ = A N=Ax:p
XNaanNay7r=>A réAaXNaanNay

/

(crl) xr~ay, = A (crr) = A x~,y
N=Ax:¢ x:p"=A

(Cut) YN
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Properties of Gpa;

Theorem (Soundness and Completenss)

For any Lpa;-formulas ¢, ¢ € PAL iff Gpar F= .

Theorem (Decidability)

Gpayr allows terminating proof search.

Note: 4 possible sources of non-terminating proof search can be eliminated with the help of
semi-subformula and minimal derivation.
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Properties of Gpa;

Definition (Semi-subformula)

Let ¢ be a Lpar-formula. Formula 1) is called a semi-subformulas of ¢ if one of the following
conditions hold:

@ 1 is a subformula of ¢;
Q@ ¢ = [¢] * x and ¥ = x[¢]x, where x € {—, K,};

Q © = [¢](x1%x2) and ¢ = [¢]x1 or ¢ = [¢]x2, where x € {A, =};
Q » = [¢l[x]¢ and ¥ = [¢ A [$]X]¢.

Definition (Minimal derivation)

Minimal derivations are derivations where shortenings are not possible.
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Advantages of the labelled sequent calculus

© Restricted model can be generalized to models restricted to a list of formulas

@ The calculus is based on the original semantics for PAL and uses reduction rules
transformed from reduction axioms to deal with the announcement operators.

© The method can be directly applied to the action model logic.

H.Wu, H.van Ditmarsch & J.Chen A Labelled Sequent Calculus for PAL August 1, 2022 19 /20



Thanks!
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